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Abstract

In most manufacturing and distribution systems, semi-finished jobs are transferred from one processing facility to

another by transporters such as Automated Guided Vehicles, robots and conveyors, and finished jobs are delivered to

warehouses or customers by vehicles such as trucks.

This paper investigates two-machine flow shop scheduling problems taking transportation into account. The finished

jobs are transferred from the processing facility and delivered to customers by truck. Both transportation capacity and

transportation times are explicitly taken into account in these models. We study the class of flow shop problems by

analysing their complexity. For the makespan objective function, we prove that this problem is strongly NP-hard when

the capacity of a truck is limited to two or three parts with an unlimited buffer at the output of the each machine. This

problem with additional constraints, such as blocking, is also proven to be strongly NP-hard.

� 2003 Elsevier B.V. All rights reserved.
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1. Introduction

A Flexible Manufacturing System (FMS) is an
integrated system composed of automated mate-

rial handling devices and of numerically controlled

machines that can process a variety of part types

[12]. This system has been introduced to increase

flexibility by overcoming the traditional hypothe-

ses assuming that either there is an infinite number
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of transporters for job-delivering or that jobs are

instantaneously transported from one location to

another with no transportation time taken into
account.

In fact, in most manufacturing and distribution

systems, semi-finished jobs are transferred from

one processing facility to another by transporters

such as Automated Guided Vehicles (AGVs), ro-

bots and conveyors, and finished jobs are delivered

to warehouses or customers by vehicles such as

trucks.
One important issue encountered when manag-

ing an FMS is the scheduling problems. Scheduling

problems arise when a set of jobs is processed by a

set of resources according to their manufacturing
ed.
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processes. Unfortunately, most production sched-
uling problems are very complex and have been

proven to be NP-hard.

This paper addresses a two-machine flow shop

scheduling problem with a material handling sys-

tem. In this system, n jobs will be processed on the
two machines M1 and M2. The finished jobs are

transferred from the processing facility and deliv-

ered to customers by a truck. The capacity of the
truck is limited to a fixed ‘‘c’’ parts (the truck can
transport at most c parts at a time). The processing
time of a job Tj (j ¼ 1; . . . ; n) on the machine M1
and the machine M2 are respectively denoted by

p1j and p2j. These two machines are discrete pro-
cessors (processing at most one job at a time).

In [11], the authors investigate machine sched-

uling models that take constraints on both the
transportation capacity and transportation times

into account. They consider two types of trans-

portation. The first one, denoted ‘‘type-1’’ trans-

portation, is intermediate transportation in a flow

shop where semi-finished jobs are transferred from

one machine to the next. The second one, denoted

‘‘type-2’’ transportation, is the transportation

necessary to deliver finished jobs to the customers.
Some results of computational complexity are

given and ‘‘open’’ problems are underlined.

This work has led to the study of the complexity

of flow shop scheduling problems in which the

capacity of the truck is limited to two or three jobs.

The second machine M2 can be considered as a

transporter such as a ‘‘robot’’. So, the processing

facility will be called Single Manufacturing System
(SMS), as it was noted in [12]. Several authors

have also investigated the scheduling problem in
Fig. 1. Single Manufacturing System with tru
this type of FMS. For instance, [2] called it Flex-
ible Machining Cell (FMC), and Kusiak [9] de-

noted it Flexible Manufacturing Module (FMM)

(see Fig. 1).

This problem can be also viewed as a workshop,

where jobs can be gathered into batches depending

on the capacity of resources: two discrete machines

composed the processing facility and the truck

represents the batch machine with capacity c. In
the literature, we find two types of batch process-

ing machines [5,13]: a max-batch machine that

simultaneously processes a subset of parts, the

processing time of a batch is equal to the largest

processing time of parts in this batch and a sum-

batch machine that can sequentially process sev-

eral parts, the processing time of a batch is equal

to the sum of the processing times of all parts in
the batch. In [1] the authors consider a situation in

which the manufacturing system is equipped with

batch and discrete processors. They analyse the

complexity status for the two-machine scheduling

problems.

This paper is organised as follows: In Section 2

we describe the used notations. Then, we study the

two-machine flow shop type-2 transportation by
classifying their computational complexity under

the following constraints: a buffer storage capac-

ity, a transportation time and a truck capacity. In

Section 3, we study the complexity of the two-

machine flow shop problem taking transportation

into account and with sufficient buffer between

machines. The capacity of the truck is limited to

two parts. We show that this problem is strongly
NP-hard. The case in which there is no buffer

space between the two machines can be deduced
ck as transporter of parts to customer.



Table 1

Complexity status of two-machine flow shop with type-2

transportation

Problem Complexity

F 2! D jv ¼ 1; c ¼ 1 jCmax Strongly NP-hard

F 2! D jv ¼ 1; c ¼ 2 jCmax Open

F 2! D jv ¼ 1; c ¼ 3 jCmax Open

F 2! D jv ¼ 1; cP 4; fixed c jCmax Strongly NP-hard
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from the previous result. In Section 4, we study the
case in which the capacity of the truck is limited to

three parts and the transportation times are a

constant value. We show that this problem is

strongly NP-hard. Similarly, the case in which

there is no buffer space between the two machines

can be deduced from the previous result.
F 2! D jv ¼ 1; c ¼ n
2
jCmax NP-hard

F 2! D jv ¼ 1; cP n� k; fixed k jCmax Polynomial
2. Problem description

In most manufacturing distribution systems,

finished jobs are transferred from a processing

facility and delivered to customers or warehouses

by truck. This paper investigates the flow shop

type-2 transportation.

The flow shop type-2 transportation can be
described as follows: consider two machines M1
and M2 and n jobs. Each job Tj consists of two

operations O1j and O2j which have to be processed
in the order O1j ! O2j, j ¼ 1; . . . ; n, without pre-
emption on each machine. The processing times of

the two operations are respectively given by p1j
and p2j and operation O2j can only start after O1j
has been finished. At time t one machine can only
process one operation. The finished jobs must be

transported and delivered to one and only one

customer using the truck. This vehicle has a

capacity ‘‘c’’. It means that at time t the truck can
transport at most c jobs.
By using the general notation for scheduling

problems, introduced by Graham et al. [6] and

according to the notation of Lee and Chen [11] the
problem of minimising the makespan for the two-

machine flow shop type-2 transportation problem

is denoted by F 2! D jv; ci jCmax. The notation,
F 2! D means that the jobs are processed firstly
on two flow shop machines and then delivered to

the customer. Let v denotes the number of identi-
cal trucks and ci the capacity of the truck i. One
truck (v ¼ 1) is considered in this paper for
c 2 f2; 3g and at the time t ¼ 0 the truck is located
at the output of the processing facility. The

makespan is given by the delivered time of the last

job plus the necessary time to come back to the

processing facility.

The classical two-machine flow shop problem

with unlimited intermediate buffer capacity and
infinite speed of vehicles is polynomial [8]. In [11]

the authors show that when constraints on both

transportation capacity and transportation times

are explicitly considered, this problem becomes

strongly NP-hard. Table 1 summarises results for
the computational complexity for the two-machine

flow shop type-2 transportation and an unlimited

intermediate buffer capacity.

Another case will be studied when the interme-

diate buffer capacity is equal to zero. In this

system, we must consider the blocking con-

straints. The two-machine flow shop problem with

blocking constraints is equivalent to the no-wait
two-machine flow shop problem [7]. Gilmore and

Gomory [4] have proved that minimising the

makespane for the no-wait two-machine flow shop,

denoted F 2 jno-wait jCmax is polynomial. This
problem is a special case of the Travelling Salesman

Problem (TSP). Even if the TSP is strongly NP-

hard, many special cases can be easily and effi-

ciently solved [10].
When the truck is considered as a machine and

has a capacity one, the problem F 2! D jv ¼ 1;
c ¼ 1; no-wait jCmax is equivalent to F 3 jno-wait j
Cmax, that is generally strongly NP-hard [14].
However, if the transportation times are equal to

constant h (tj; j ¼ 1; . . . ; n) then this problem be-
comes polynomial [15]. Van der Veen and Van Dal

[15] study the case of fixed processing times on
m � 2 machines and obtain a polynomial-time
algorithm for this problem.
3. Capacity of truck limited to two parts

In this section, the jobs are executed by the two

machines composing the processing facility. Then



A. Soukhal et al. / European Journal of Operational Research 161 (2005) 32–41 35
the only truck transports the finished jobs. We first
prove that the scheduling problem F 2! D jv ¼ 1;
c ¼ 2 jCmax with an unlimited buffer area between
machines is strongly NP-hard. The optimisation

problem known as NUMERICAL MATCHING

WITH TARGET SUMS, that is strongly NP-hard

[3], is used to obtain the proof by solving the

decision problem of F 2! D jv ¼ 1; c ¼ 2 jCmax
using a polynomial reduction.
Problems with additional constraints, such as

blocking constraint when there is no buffer area

between the two machines, are also proved to be

strongly NP-hard.

3.1. Flow shop with unlimited buffer

As indicated in the title of this sub-section, there
is an unlimited buffer area both between the two

machines and at the output of the processing

facility. Let ti be the necessary time to transport a
job Ti (i ¼ 1; . . . ; n) from the output system to the
customer and to come back.

Theorem 1. The problem F 2! D jv ¼ 1; c ¼ 2 j
Cmax is strongly NP-hard.

Proof. We will show that the strongly NP-hard

problem NUMERICAL MATCHING WITH

TARGET SUMS denoted ‘‘NMTS’’ [3] is reduc-

ible to the decision problem of F 2! D jv ¼ 1;
c ¼ 2 jCmax denoted P.

NMTS: Instance: Let A ¼ fai=i ¼ 1; . . . ; ng,
B ¼ fbi=i ¼ 1; . . . ; ng and E ¼ fEi=i ¼ 1; . . . ng be
sets of positive integers, such that

Pn
i¼1 ai þPn

i¼1 bi ¼
Pn

i¼1 Ei.
Table 2

Jobs processing times

p1;j

A-jobs Ai;j, i; j ¼ 1; . . . ; n aj

B-jobs Bi;j, i; j ¼ 1; . . . ; n bj

U-jobs U1;1 0

U1;2 0

Ui;j, j ¼ 1; i ¼ 2; . . . ; n Ei�1
Ui;j, j ¼ 2; i ¼ 2; . . . ; n 0

Unþ1;1 En

Unþ1;2 0
Question: Does there exist a partition of A [ B
into n disjoints pairs I1; I2; . . . ; In, each pair Ik
containing exactly one element from A and B, such
that aIk þ bIk ¼ Ek, k ¼ 1; . . . ; n?

We show that a permutation p for the con-
structed instance with Cp

max6 y exists if and only if
NMTS has a solution.

Given an arbitrary instance I of NMTS, firstly
we modify I to get an instance I 0 of NMTS as
follows: Let w ¼ maxfa1; . . . ; an; b1; . . . ; bng and let
A0 ¼ fa1; . . . ; ang, B0 ¼ fb1 þ 3w; . . . ; bn þ 3wg and
E0 ¼ fE1 þ 3w; . . . ;En þ 3wg. Obviously, the in-
stance I 0 of the problem NMTS has a solution, if
and only if, the instance I has a solution.
We consider an arbitrary instance I 0 of NMTS

and we construct one equivalent instance of the

problem P as follows:
Let us define an instance of 2n2 þ 2ðn þ 1Þ jobs

split into three subsets:

• A-jobs are denoted Ai;j (i; j ¼ 1; . . . ; n).
• B-jobs are denoted Bi;j (i; j ¼ 1; . . . ; n).
• U-jobs are denoted Ui;j (i ¼ 1; . . . ; n þ 1; j ¼
1; 2).

The processing times of the 2n2 þ 2ðn þ 1Þ jobs on
the two machines and also the transportation

times are given in Table 2.
We demonstrate that the problem NMTS has a

solution if and only if P has solution p in which
the makespan Cp

max6 ðn þ 1Þ
Pn

j¼1 Ej.

We assume that NMTS has a solution and let

N1; . . . ;Nn be the subsets of the indexes of jobs

with: al þ bj ¼ Ek, l 2 Nk and j 2 Nk. So there ex-

ists a permutation p with Cp
max ¼ ðn þ 1Þ

Pn
i¼1 Ei.
p2;j p3;j

0 Ej

0 Ej

0 E1
0 E1
0 Ei

0 Ei

0 0

0 0
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Let us batch the subset of two jobs that are
simultaneously transported by the truck. We

identify two classes of batch that are defined as

follows:

C1: batches of type fUk;1;Uk;2g for k ¼ 1; . . . ; n þ 1
and their transportation time is Ek, except for

the batch fUnþ1;1;Unþ1;2g for which the trans-
portation time is equal to 0;

C2: batches of type fAk;l;Bk;jg for k ¼ 1; . . . ; n,
with l 2 Nk, and j 2 Nk and their transporta-

tion time is Ek.

The class C2 contains n batches of type
fAk;l;Bk;jg for all k, k ¼ 1; . . . ; n.
The jobs in the same batch of the two classes C1

and C2 are sequenced in the same order on the two
machines and are transported at the same time by

the truck.

The first batch fU1;1;U1;2g belonging to C1 is
sequenced on the first position on p. Let rk be the
position of the batch fUk;1;Uk;2g in p, so rk is equal
to rk�1 þ 2ðn � k þ 2Þ.
We denote by Gk;i the batches of C2 such as

Gk;i ¼ fAk;l;Bk;jg with l 2 Ni, j 2 Ni and has a
transportation time equal to Ei (i; k ¼ 1; . . . ; n).
The position rk;i of the batch Gk;i in p is given by
the following formula:
Fig. 2. Batches co
rk;i ¼
rk þ 2ði� kÞ þ 1 if k6 i;
ri þ 2ðk � iÞ if k > i;

�

where rj (j ¼ 1; . . . ; n) is the position of the jth
batch of the class C1.
With the previous construction of the sequence

p we have Cp
max ¼ ðn þ 1Þ

Pn
j¼1 Ej.

The following example explains the sequencing

of the jobs for the instance NMTS with n ¼ 4. We
define A ¼ fa1; a2; a3; a4g, B ¼ fb1; b2; b3; b4g and
E ¼ fE1;E2;E3;E4g. Suppose that NMTS has the
following solution: N1 ¼ fa1; b2=a1 þ b2 ¼ E1g,
N2¼fa2;b1=a2þb1¼E2g, N3¼fa3;b4=a3þb4¼E3g,
N4 ¼ fa4; b3=a4 þ b3 ¼ E4g. After the construction
of classes C1 and C2, we have the batches con-
struction as shown in Fig. 2.

The schedule p of batches is defined by Fig. 3 in
which the power on each batch gives its position in

the sequence p.
Fig. 4 illustrates the permutation p.
Obviously, the makespan of schedule p is equal

to 5
P4

i¼1 Ei.

Conversely, let us assume that the problem P
has a solution p where

Cp
max6 ðn þ 1Þ

Xn

i¼1
Ei:

The completion time of all the jobs on the first

machine is given by
nstruction.



Fig. 3. Sequence p.

Fig. 4. Gantt diagram to illustrate the permutation p.
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n
Xn

j¼1
aj þ n

Xn

j¼1
bj þ

Xn

j¼1
Ej ¼ ðn þ 1Þ

Xn

j¼1
Ej;

thus there is no idle time on machine M1. We as-
sume that the jobs are grouped in v batches, where
vP n2 þ n þ 1, because the capacity of machine D
is limited to two jobs. Let P ðBkÞ be the transpor-
tation time of the batch Bk (k ¼ 1; . . . ; v). For each
batch Bk, we define P 0ðBkÞ with P 0ðBkÞ ¼ 0 if batch
Bk contains only one job and P 0ðBkÞ ¼ minftj=j 2
Bkg otherwise. As the capacity of machine D is
limited to two jobs, we have

Xv

k¼1
P ðBkÞ þ

Xv

k¼1
P 0ðBkÞ

¼
X2n2þ2ðnþ1Þ

k¼1
tk ¼ 2ðn þ 1Þ

Xn

k¼1
Ei

and as Cmax6 ðn þ 1Þ
Pn

i¼1 Ei, we have
Xv

k¼1
P 0ðBkÞ ¼ ðn þ 1Þ

Xn

i¼1
Ei:

So we establish that:

1. each batch Bk contains exactly two jobs, i.e.

v ¼ n2 þ n þ 1;
2. the batches are composed of the jobs having the

same transportation time, i.e. if one batch con-
tains job Ai;j then it contains Ak;j or Bl;j or Uq;j.

We remark that the sum of the transportation

time of the batches is equal to ðn þ 1Þ
Pn

i¼1 Ei, i.e.

there is no idle time on machine D. So we establish
that only the batch fU1;1;U1;2g can be arranged in
the first position. This first batch is composed of

the jobs with processing times equal to 0 on M1 or
M2. This batch is transported in the interval t ¼ 0
and t ¼ E1. In the interval (t 2 ½0;E1�) machine M1
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consecutively processes two jobs. Then, at time
t ¼ E1, they are immediately transported by the
truck.

The second batch that will be transported by

the truck and for which the earliest transportation

time is equal to E1, is formed by one element of A-
jobs and one element of B-jobs and the sum of

their processing times on M1 is equal to E1. We can
assume that the transportation time of each of the
last two jobs is equal to E2. In fact, these two jobs
form the first subset N1 of NMTS.
Using the previous argumentation, we show

that the remaining batches contain exactly two

elements. Thus, we obtain schedule p with

Cp
max ¼ ðn þ 1Þ

Pn
i¼1 Ei. Its structure is similar to

the sequence obtained in the first part of this

demonstration. h

3.2. Flow shop with limited buffer area

Now, we suppose that there is no buffer area

between the machines. The absence of intermedi-

ate buffers between machines induces the blocking

of jobs when the downstream machines are busy.

Of course, one job cannot leave a machine until
the next machine is free. In [7] the authors use

‘‘blockði; iþ 1Þ’’ to indicate that there exists
blocking constraint between machines i and i þ 1.
According to [7], this problem is denoted by

F 2! D jv ¼ 1; c ¼ 2; blockð1; 2Þ jCmax.

Theorem 2. The problem F 2! D jv ¼ 1; c ¼ 2;
blockð1; 2Þ jCmax is strongly NP-hard.

Proof. With the same instance as given in the

previous section, the strongly NP-hard problem

NMTS is reducible to the decision problem of

F 2! D jv ¼ 1; c ¼ 2; blockð1; 2Þ jCmax. It can be
proven in the same way. Let us not forget that

machine M2 can be considered as a one part

temporary buffer. h
4. Capacity of truck limited to three parts

In this section, we study the F 2!Djv¼ 1;c¼ 3j
Cmax. This system is composed of two machines M1
and M2 and n jobs. Two cases are treated in this
section: F 2 with unlimited buffer capacity and F 2
without buffer space between the two first ma-

chines. But at the output of the processing facility,

there is a buffer with a capacity kP1.
4.1. Flow shop with unlimited buffer space

In this system there is an unlimited intermediary

storage space capacity. Let tj be the necessary time
to transport a job Tj (j ¼ 1; . . . ; n) from the output
system to the customer and to come back. Initially,

the vehicle is located at the output of M2. The jobs

will be processed on machine M1 and then on M2.

Then they will be transported to the customer by

the truck that has a capacity equal to 3.

Theorem 3. The problem F 2! D jv ¼ 1; c ¼
3; tj ¼ h jCmax is strongly NP-hard.

Proof. We will show that the strongly NP-hard

problem 3-PARTITION [3] is reducible to the

decision problem of F 2! D jv ¼ 1; c ¼ 3; tj ¼ h j
Cmax where tj is a constant h for all jobs j ¼
1; . . . ; n.

3-PARTITION: Instance: Let A ¼ fai=i ¼ 1; . . . ;
3mg be a set of positive integers, B a positive
integer such that

X3m
i¼1

ai ¼ mB and
B
4
< ai <

B
2
for i ¼ 1; . . . ; 3m:

Question: Does there exist a partition of A into m
disjoints sets I1; I2; . . . ; Im of indices such that
jIjj ¼ 3 and

P
i2Ij

ai ¼ B for j ¼ 1; . . . ;m?

We show that a permutation p for the con-
structed instance with Cp

max6 y exists if and only if
3-PARTITION has a solution.

Given an arbitrary instance of 3-PARTITION,
we construct the following instance of the flow

shop problem F 2! D jv ¼ 1; c ¼ 3; tj ¼ h jCmax
with n ¼ 3m þ 3 jobs. The processing times of the
jobs are given in Table 3.

The transportation time h is set to h ¼ B and we
ask for a permutation p with

Cmax6 y ¼ ðmþ 1ÞB:



Table 3

Jobs processing times

p1;j p2;j tj ¼ p3j

Jobs Tj, j ¼ 1; . . . ; 3m aj 0 B
Jobs Tj,

j ¼ f3mþ 1; 3mþ 2; 3mþ 3g
0 0 B
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We assume that I1; I2; . . . ; Im is a solution of 3-
PARTITION. Then we define a permutation p as
showed in Fig. 5.

Obviously, this permutation p fulfils Cp
max6

y ¼ ðmþ 1ÞB. In fact Ii (i ¼ 1; . . . ;m) represents
the jobs that will be simultaneously executed by

the last machine D where Ii ¼ fTj=j ¼ 1; . . . ; 3mg,
i ¼ 1; . . . ;m, and Imþ1 ¼ fT3mþ1; T3mþ2; T3mþ3g. Per-
mutation p is defined by ðImþ1; I1; . . . ; ImÞ.
Conversely, let us consider that the problem

F 2! D jv ¼ 1; c ¼ 3; tj ¼ h jCmax has a solution in
which Cp

max6 y.
The objective value of one permutation s 2 S (S

is a set of feasible solutions) is given by the value

of a critical path. So for n jobs ðn ¼ 3mþ 3Þ the
makespan is greater or equal to ðmþ 1ÞB. Thus,
for a permutation p with Cp

max ¼ ðmþ 1ÞB, we may
conclude that:

1. truck D transports jobs in the interval

½0; ðmþ 1ÞB� without idle time;
2. truck D starts at each time t ¼ k � Bðk ¼ 0; . . . ;

m þ 1Þ with exactly three jobs;
3. jobs T3mþ1; T3mþ2; T3mþ3 are processed at the first
position, since p1j > 0 for j 2 f3m þ 1; 3mþ 2;
3m þ 3g and therefore the truck cannot

deliver a real part before the three first ones

are ready;
Fig. 5. Gantt diagram to illus
4. machine M1 processes the jobs in the interval

½0;mB� without idle time.

For the permutation p with Cp
max ¼ ðm þ 1ÞB,

the truck can move at most m þ 1 times, and the
necessary time to transport all the jobs in p is equal
to ðmþ 1ÞB. It means that there is no idle time on
the machine D. Otherwise, the makespan would be
greater than ðm þ 1ÞB, which contradicts the con-
clusion 1.

In the following we will show that the truck

simultaneously transports three and only three

jobs. We have Cp
max ¼ ðm þ 1ÞB. So the truck can

transport at most mþ 1 groups of jobs. As the
capacity of the truck is equal to three and as

the total number of the jobs is equal to 3mþ 3 the
truck must transport exactly three jobs at each of

its move. Otherwise, the Cp
max would be greater

than ðm þ 1ÞB. So each group of three jobs forms a
set denoted Ii (i ¼ 1; . . . ;m þ 1).
In the following, we will show that jobs T3mþ1,

T3mþ2 and T3mþ3 are processed at the first position.
Let pk;IiðjÞ be the processing time of the jth job

ðj ¼ 1; 2; 3Þ of the set Ii which must be executed on
machine Mk. And let I1; I2; . . . ; Imþ1 be the ordered
subsets given in the sequence p. A lower bound of
Cmax can be calculated as follows:
Considering subset Ik, the lower bound can be

estimated by adding three elements: first, the sum

of the processing times of the ðk � 1Þth first subsets
formed by their belonging jobs, secondly the pro-

cessing time on M1 of each job forming Ik, added
to the transportation times of the three jobs

forming Ik, and thirdly the transportation time of
the jobs forming the last ðmþ 1� kÞth subsets.
Thus, the lower bound is given by the following

formula:
trate the permutation p.
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Xk�1
i¼1

½p1;Iið1Þ þ p1;Iið2Þ þ p1;Iið3Þ� þ p1;Ikð1Þ þ p1;Ikð2Þ

þ p1;Ikð3Þ þ ðm� k þ 2ÞB6 ðm þ 1ÞB

()
Xk

i¼1
½p1;Iið1Þ þ p1;Iið2Þ þ p1;Iið3Þ�

þ ðm� k þ 2ÞB6 ðm þ 1ÞB

()
Xk

i¼1
½p1;Iið1Þ þ p1;Iið2Þ þ p1;Iið3Þ�6 ðk � 1ÞB:

For k ¼ 1, we have
p1;I1ð1Þ þ p1;I1ð2Þ þ p1;I1ð3Þ 6 0:

It means that the jobs T3mþ1, T3mþ2 and T3mþ3
form the first subset I1 in p and are processed
first by M1.

For k ¼ 2, we have
p1;I1ð1Þ þ p1;I1ð2Þ þ p1;I1ð3Þ þ p1;I2ð1Þ þ p1;I2ð2Þ þ p1;I2ð3Þ
6B ) p1;I2ð1Þ þ p1;I2ð2Þ þ p1;I2ð3Þ 6B:

For k ¼ 3, we have
p1;I2ð1Þ þ p1;I2ð2Þ þ p1;I2ð3Þ þ p1;I3ð1Þ þ p1;I3ð2Þ

þ p1;I2ð3Þ 6 2B

as p1;I2ð1Þ þ p1;I2ð2Þ þ p1;I2ð3Þ 6B
then p1;I3ð1Þ þ p1;I3ð2Þ þ p1;I3ð3Þ 6B.

So for each j (j ¼ 2; . . . ;m þ 1) we have
p1;Ijð1Þ þ p1;Ijð2Þ þ p1;Ijð3Þ 6B.

But
Pmþ1

i¼2 ½p1;Iið1Þ þ p1;Iið2Þ þ p1;Iið3Þ� ¼ mB.
So for j ¼ 2; . . . ;m þ 1 we have
p1;Ijð1Þ þ p1;Ijð2Þ þ p1;Ijð3Þ ¼ B.

Analogously, we show that the remaining sets

I2; . . . ; Imþ1 contain three elements and fulfilP2

k¼1 p1;IjðkÞ ¼ B for j ¼ 2; . . . ;m þ 1. Thus, I2; . . . ;
Imþ1 define a solution of 3-PARTITION. h

Corollary 1. The problem F 2! D jv ¼ 1; c ¼ 3 j
Cmax is strongly NP-hard.
4.2. Flow shop with limited buffer space

In this sub-section, we consider another case of

a two-machine flow shop scheduling problem,
called type-2 transportation. A set of n jobs has to
be processed on two machines M1 and M2. There

is no storage space between machines M1 and M2.

But, at the output of M2, there is a buffer with a

capacity k P 1. The parts will be processed on
machine M1 and then on M2 in blocking condition

(absence of a buffer between M1 and M2). When

M2 finishes the processing of the job, it is put into

its intermediary buffer. When the truck is avail-
able, it picks up the part from the buffer to deliver

it to the customer. So this problem is denoted by

F 2! D jv ¼ 1; c ¼ 3; tj ¼ h;blockð1; 2Þ jCmax.

Theorem 4. Problem F 2! D jv ¼ 1; c ¼ 3; tj ¼ h;
blockð1; 2Þ jCmax is strongly NP-hard.

Proof. With the same instance as given in Section
4.1, the strongly NP-hard problem 3-PARTITION

is reducible to the decision problem of F 2! D j
v ¼ 1; c ¼ 3; tj ¼ h; blockð1; 2Þ jCmax. It can be

proven in the same way. Let us remind that ma-

chine M2 could be considered as a unit temporary

buffer. h

Corollary 2. The problem F 2! D jv ¼ 1; c ¼ 3;
blockð1; 2Þ jCmax is strongly NP-hard.
5. Conclusions and perspectives

This paper investigates flow shop scheduling

models that explicitly consider constraints on both

transportation and buffer capacities. The finished

jobs are transferred from the processing facility

and delivered to one and only one customer or

warehouse by a vehicle such as a truck. This

vehicle has a capacity ‘‘c’’. It means that at time t
the truck can transport at most c objects. The
considered objective function is the makespan.

New complexity results are derived for special

cases in which the capacity of the truck is limited

to two jobs:

• with an unlimited buffer between machines, the
problem is strongly NP-hard;

• with no buffer between the two machines, the
problem is strongly NP-hard.
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If the capacity of the truck is limited to three jobs

and the transportation time is a constant value:

• with an unlimited buffer between machines, the
problem is strongly NP-hard;

• with no buffer between the two machines, the
problem is strongly NP-hard.

Many interesting problems remain for future

exploration. Various polynomially solvable cases

need to be identified, and when the problems are

proved to be NP-hard, heuristic methods must be

used. More realistic models need to be studied,

including flow shop type-2 transportation involv-

ing multiple customers such that vehicle routing

decisions would have to be addressed as well.
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