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Abstract
Disassembly activities take place in various recovery operations including remanufacturing, recycling and disposal.
The disassembly line is the best choice for automated disassembly of returned products. It is therefore important that
the disassembly line be designed and balanced so that it works as eﬃciently as possible. The disassembly line balancing
problem seeks a sequence which: is feasible, minimizes workstations, and ensures similar idle times, as well as other endof-life speciﬁc concerns. However ﬁnding the optimal balance is computationally intensive with exhaustive search
quickly becoming prohibitively large even for relatively small products. In this paper the problem is mathematically
deﬁned and proven NP-complete. Additionally, a new formula for quantifying the level of balancing is proposed. A
ﬁrst-ever set of a priori instances to be used in the evaluation of any disassembly line balancing solution technique
is then developed. Finally, a genetic algorithm is presented for obtaining optimal or near-optimal solutions for disassembly line balancing problems and examples are presented to illustrate implementation of the methodology.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In recent years, the implementation of extended
manufacturer responsibility together with new,
more rigid environmental legislation and increased
public awareness has caused a growing number of
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manufacturers to begin recycling and remanufacturing their post-consumed products after they are
discarded by consumers. In addition, the economic
attractiveness of reusing products, subassemblies or
parts instead of disposing of them has further fueled
this eﬀort. Recycling is deﬁned as a process performed to retrieve the material content of used
and non-functioning products. Remanufacturing
on the other hand is an industrial process in
which worn-out products are restored to like-new
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conditions. Thus, remanufacturing provides the
quality standards of new products with used parts.
Product recovery aims to minimize the amount
of waste sent to landﬁlls by recovering materials
and parts from old or outdated products by means
of recycling and remanufacturing (including reuse of parts and products). There are many attributes of a product that enhance product recovery;
examples include: ease of disassembly, modularity,
type and compatibility of materials used, material
identiﬁcation markings and eﬃcient cross-industrial reuse of common parts/materials. The ﬁrst crucial step of product recovery is disassembly.
Disassembly is a methodical extraction of valuable parts/subassemblies and materials from discarded products through a series of operations.
After disassembly, reusable parts/subassemblies
are cleaned, refurbished, tested and directed to
the part/subassembly inventory for remanufacturing operations. The recyclable materials can be
sold to raw-material suppliers while the residuals
are sent to landﬁlls.
Disassembly has recently gained a great deal of
attention in the literature due to its role in product
recovery. A disassembly system faces many unique
challenges; for example, it has signiﬁcant inventory
problems because of the disparity between the
demands for certain parts or subassemblies and
their yield from disassembly. The ﬂow process is
also diﬀerent. As opposed to the normal ‘‘convergent’’ ﬂow in regular assembly environment, in disassembly the ﬂow process is ‘‘divergent’’ (a single
product is broken down into many subassemblies
and parts). There is also a high degree of uncertainty in the structure and the quality of the
returned products. The condition of the products
received is usually unknown and the reliability of
the components is suspect. In addition, some parts
of the product may cause pollution or may be hazardous. These parts tend to have a higher chance
of being damaged and hence may require special
handling which can also inﬂuence the utilization
of the disassembly workstations. For example, an
automobile slated for disassembly contains a variety of parts that are dangerous to remove and/or
present a hazard to the environment such as the
battery, airbags, fuel and oil. Various demand
sources may also lead to complications in disas-

sembly line balancing. The reusability of parts creates a demand for these parts however, the
demands and availability of the reusable parts is
signiﬁcantly less predicable than what is found in
the assembly process. Most products contain parts
that are installed (and must be removed) in diﬀerent attitudes, from diﬀerent areas of the main
structure, or in diﬀerent directions. Since any
required directional changes increases the setup
time for the disassembly process, it is desirable to
minimize the number of directional changes in
the ﬁnal disassembly sequence. Disassembly line
balancing is critical in minimizing the use of valuable resources (such as time and money) invested
in disassembly and maximizing the level of automation of the disassembly process and the quality
of the parts or materials recovered.
In this paper the disassembly line balancing
problem (DLBP) is solved using exhaustive search
and a combinatorial optimization methodology.
Exhaustive search consistently provides the optimal solution, though its exponential time complexity quickly reduces its practicality. Combinatorial
optimization techniques however, are instrumental
in obtaining optimal or near-optimal solutions to
problems with intractably large solution spaces.
An exhaustive search algorithm is presented for
obtaining the optimal solution to small instances
of the DLBP. A genetic algorithm (GA) is then
presented for obtaining solutions for the DLBP.
The genetic algorithm considered here involves a
randomly generated initial population with crossover, mutation and ﬁtness competition performed
over many generations. An example from the literature is considered to illustrate the implementation
of the methodology. The conclusions drawn from
the study include the consistent generation of optimal or near-optimal solutions, the ability to preserve precedence relationships, the superior speed
of the algorithm and its practicality due to the ease
of implementation in solving disassembly line balancing problems.

2. Literature review
Many authors have discussed the diﬀerent
aspects of product recovery. For a comprehensive
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review of environmentally conscious manufacturing and product recovery, see Gungor and Gupta
(1999). Brennan et al. (1994) and Gupta and Taleb
(1994) have investigated the problems associated
with disassembly planning and scheduling. Gutjahr
and Nemhauser (1964) ﬁrst described a solution to
the assembly line balancing problem with an algorithm developed to minimize the delay times at each
workstation. The heuristic accounts for precedence
relationships and seeks to ﬁnd the shortest path
through a network with the resulting technique
being similar to dynamic programming. Erel and
Gokcen (1964) developed a modiﬁed version of
Gutjahr and Nemhausers line balancing problem
algorithm by allowing for mixed-model lines
(assembly lines used to assemble diﬀerent models
of the same product) by allowing multiple state
times, then, during construction of the solution network, considering all state times before categorizing
a given set of completed tasks to a workstation. Suresh et al. (1996) ﬁrst presented a genetic algorithm
to provide a near-optimal solution to the assembly
line balancing problem that minimized idle time
and minimized probability of line stoppage, i.e.,
minimized the probability that the workstation time
exceeds cycle time. Gungor and Gupta (2001, 2002)
presented the ﬁrst introduction to the disassembly
line balancing problem and developed an algorithm
for solving the DLBP in the presence of failures with
the goal of assigning tasks to workstations in a way
that probabilistically minimizes the cost of defective
parts. McGovern et al. (2003) ﬁrst proposed applying combinatorial optimization techniques to the
DLBP. McGovern and Gupta (2004) later compared various combinatorial optimization techniques for use with DLBP. A recent book by
Lambert and Gupta (2005) is helpful in understanding the general area of disassembly.
3. Notation
The following notation are used in the remainder of the paper:
6P
jPRTj

polynomial time reduction; polynomial
transformation
cardinality of the set of unique part removal times

jrj
CT
dk
D

D*
Dnom
F
F*

Fi
Fnom
G
hk
H
H*
Hnom
i
I
I*
Ii
Inom
j
k
n
N
N
NHP
NWS
NWS*
NWSi

3

cardinality of the set of unique part removal directions
cycle time; maximum time available at
each workstation
demand; quantity of part k requested
demand rating for a solution; also demand bound for the decision version of
DLBP
lower demand bound (optimal) for a given
instance
upper demand bound (nominal) for a given instance
balance for a given solution sequence
lower balance bound (optimal) for a given
instance; also current best balance in population
balance of chromosome i
upper balance bound (nominal) for a given instance
number of genes (parts for removal)
binary value; 1 if part k is hazardous, else
0
hazard rating for a solution; also hazard
bound for the decision version of DLBP
lower hazard bound (optimal) for a given
instance
upper hazard bound (nominal) for a given
instance
chromosome identiﬁcation (1, . . . , N)
total idle time for a given solution sequence
lower idle time bound (optimum) for a given instance
total idle time of chromosome i
upper idle time bound (nominal) for a given instance
workstation count (0, . . . , NWSi)
part (gene) identiﬁcation (1, . . . , n)
number of parts for removal; also number
of genes
number of chromosomes (population)
the set of natural numbers (0, 1, 2, . . .)
products total hazardous part count
number of workstations required for a given solution sequence
number of workstations lower bound
(optimal) for n parts
number of workstations for chromosome i
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NWSnom number of workstations upper bound
(nominal) for n parts
p
counter variable
P
the set of n part removal tasks
PRT
part removal time
PRTik time required to remove kth part in chromosome i
PRTk time required to remove kth part
PSk
kth part in a solution sequence (i.e., for
solution h3, 1, 2i, PS2 = 1)
r
the set of unique part removal directions
rk
integer value corresponding to the kth
parts removal direction
R
direction rating for a given solution sequence; also direction bound for the decision version of DLBP
R*
lower direction bound (optimal) for a given instance
Rk
binary value; 0 if part k can be removed in
the same direction as part k + 1, else 1
Rm
mutation rate
Rnom upper direction bound (nominal) for a given instance
Rx
crossover rate
STj
station time; total processing time requirement in workstation j
V
maximum range bound for a workstations idle time
Z
the set of integers (. . ., 2, 1, 0, 1, 2, . . .)
Z+
the set of positive integers (1, 2, . . .)
Zp
pth objective to minimize or maximize

1. L 2 NP, and
2. "L 0 2 NP, L 0 6P L.
Since requirement 1 (L is veriﬁable in polynomial
time, i.e., for DLBP, given a sequence of n parts
for removal, verify in O(na) time—where a is some
constant—that they preserve the precedence constraints and require not more than a given number
of workstations) is true, then DLBP 2 NP. If, in
addition, DLBP meets requirement 2, then DLBP
is of the class of NP-complete problems and at this
time no algorithm is known for which it can be
proven to solve the problem in polynomial time.
It is easy to check a supposed answer to see if it
is correct but a fast way to solve all instances of
the problem to optimality is not known.
The decision version of DLBP is NP-complete
(and hence, the optimization version is NP-hard).
Using the concise style of Garey and Johnson
(1979), this is shown in the following proof by
restriction to one of the known NP-complete problems (PARTITION). Veriﬁcation is omitted for
brevity; DLBP is easily seen to be solvable in polynomial time by a nondeterministic algorithm.
PARTITION is described by:
INSTANCE: A ﬁnite set A of tasks, a size
s(a) 2 Z+ for each a 2 A.
0
QUESTION: Is there a partition A
P  A into
two
disjoint sets such that
a2A0 sðaÞ ¼
P
sðaÞ?
0
a2AA

4. Complexity study
In its most basic form the objective of DLBP is
to minimize the sum of the idle times at each workstation. Since ﬁnding the optimal solution requires
investigating all permutations of the sequence of
part removal times, there are n! possible solutions.
Searching this space is bounded by O(nn) or exponential time. Since this grows in instance size signiﬁcantly faster than polynomial time (P), DBLP
cannot be optimally solved in P, therefore it is
expected that DLBP 62 P.
A language (i.e., problem), L is deﬁned as nondeterministic polynomial time complete (NP-complete) if

Theorem 1. DLBP is NP-complete.
INSTANCE: A finite set P of tasks, partial order
 on P, task time PRTk 2 Z+, hazardous part
binary value hk 2 {0, 1}, part demand dk 2 N, and
part removal direction rk 2 Z for each k 2 P,
workstation capacity CT 2 Z+, number NWS 2 Z+
of workstations, difference between largest and
smallest idle time V 2 N, hazard measure H 2 N,
demand measure D 2 N, and direction change
measure R 2 N.
QUESTION: Is there a partition of P into
disjoint sets PA, PB, . . . , PNWS such that the sum of
the sizes of the tasks in each PX is CT or less, the
difference between largest and smallest idle times is
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V or less, the sum of the hazardous part binary
values multiplied by their sequence position is H or
less, the sum of the demanded part values multiplied
by their sequence position is D or less, the sum of the
number of part removal direction changes is R or
less, and it obeys the precedence constraints?
Proof. Clearly DLBP is in NP.
PARTITION 6P DLBP. Restrict to PARTITION Pby allowing only instances in which
n

PRTk

2 Zþ , V = 0,  is empty, and
CT ¼ k¼12
hx = hy, dx = dy, rx = ry, "x, y.
Therefore, DLBP is NP-complete. h

In complexity theory the class NP-complete is
the set of problems that are the hardest problems
in NP in the sense that they are the ones most
likely not to be in P. If one could ﬁnd a way to
solve an NP-complete problem quickly then that
algorithm could be used to solve all NP problems
quickly. At present all known optimal algorithms
for NP-complete problems (with the exception of
certain subproblems using a pseudo-polynomial
time algorithm) require time that is exponential
in the instance size. It is unknown whether there
are any faster algorithms. Therefore, in order to
solve an NP-complete problem, one of the following approaches is used (Garey and Johnson, 1979):
• Approximation: Application of an algorithm
that quickly ﬁnds a sub-optimal solution that
is within a certain (known) range of the optimal
solution,
• Probabilistic: Application of an algorithm that
provably yields good average runtime behavior
for a given distribution of the problem
instances,
• Special cases: Application of an algorithm
which is provably fast if the problem instances
belong to a certain special case, and
• Heuristic: Application of an algorithm that
works reasonably well on many cases, but cannot be proven to always be fast or optimal.
This paper considers an exhaustive search for
small instances but proposes a heuristic approach
(more accurately, a metaheuristic) for application
to all instance sizes.

5

5. The DLBP model description
The particular application investigated in this
paper seeks to fulﬁll ﬁve objectives:
1. Minimize the number of workstations and
hence, minimize the total idle time.
2. Ensure workstation idle times are similar.
3. Remove hazardous parts early in the disassembly sequence.
4. Remove high-demand parts before low-demand
parts.
5. Minimize the number of part removal direction
changes required for disassembly.
A major constraint is the requirement to provide a feasible (i.e., precedence preserving) disassembly sequence for the product being
investigated. The result is an integer multi-criteria
decision making problem with an exponential
search space. DLBP can be modeled as a directed
graph (digraph) that is strongly connected when
there are no precedence constraints and weakly
connected otherwise. Testing a given solution
against the precedence relationships fulﬁlls the
major constraint of precedence preservation. Minimizing the sum of the workstation idle times,
which will also minimize the total number of
workstations, attains objective 1 and is described
by
I¼

N
WS
X

ðCT  STj Þ;

ð1Þ

j¼1

or
I ¼ ðNWS  CTÞ 

n
X

PRTk .

ð2Þ

k¼1

This objective is represented as
Minimize Z 1 ¼

N
WS
X

ðCT  STj Þ.

ð3Þ

j¼1

Line balancing seeks to achieve perfect balance
(all idle times equal to zero). When this is not
achievable, either Line Eﬃciency (LE) or the
Smoothness Index (SI) is used as a performance
evaluation tool (Elsayed and Boucher, 1994). We
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propose a new measure of eﬀectiveness that combines the two and is easier to calculate (McGovern
et al., 2003). SI rewards similar idle times at each
workstation but at the expense of allowing for a
large (sub-optimal) number of workstations. This
is because SI compares workstation elapsed times
to the largest STj instead of CT as this papers
method does. LE rewards the minimum number
of workstations but allows unlimited variance in
idle times between workstations because no comparison is made between STjs. The method proposed in this paper simultaneously minimizes the
number of workstations while aggressively ensuring idle times at each workstation are similar.
The method is computed based on the minimum
number of workstations required as well as the
sum of the square of the idle times for all the workstations. This penalizes solutions where, even
though the number of workstations may be minimized, one or more have an exorbitant amount
of idle time when compared to the other workstations. It provides for leveling the workload
between diﬀerent workstations on the disassembly
line. Therefore a resulting minimum performance
value is the more desirable solution indicating both
a minimum number of workstations and similar
idle times across all workstations. This measure
of balance is described by
F ¼

N
WS
X

2

ðCT  STj Þ ;

ð4Þ

j¼1

each workstation. Then for the most efficient
distribution of tasks, the minimum number of workstations, NWS* satisfies
 Pn



k¼1 PRTk

NWS P

CT


.

ð7Þ

Proof. If the above inequality is not satisﬁed, then
there must be at least one workstation completing
tasks requiring more than CT of time, which is a
contradiction. h
Subsequent bounds are shown to be true in a
similar fashion and are presented without proof.
The upper bound for the number of workstations
is given by
NWSnom ¼ n;

ð8Þ

therefore
 Pn

k¼1 PRTk

CT


6 NWS 6 n.

The lower bound on F is given by

2
I
 NWS ;
F P
NWS
while the upper bound is described by
n
X
2
ðCT  PRTk Þ ;
F nom ¼

ð9Þ

ð10Þ

ð11Þ

k¼1

with the DLBP balancing objective represented as
Minimize Z 2 ¼

N
WS
X

2

ðCT  STj Þ .

ð5Þ

j¼1

ð12Þ

Perfect balance is indicated by
Z 2 ¼ 0.

therefore

2
n
X
I
 NWS 6 F 6
ðCT  PRTk Þ2 .

NWS
k¼1

ð6Þ

Note that mathematically, Formula (5) eﬀectively
makes Formula (3) redundant due to the fact that
it concurrently minimizes the number of workstations. This new method should be eﬀective with traditional assembly line balancing problems as well.
Theorem 2. Let PRTk be the part removal time for
the kth of n parts where CT is the maximum amount
of time available to complete all tasks assigned to

A hazard measure was developed to quantify
each solution sequences performance, with a
lower calculated value being more desirable. This
measure is based on binary variables that indicate
whether a part is considered to contain hazardous
material (the binary variable is equal to one if hazardous, else zero) and its position in the sequence.
A given solution sequence hazard measure is
deﬁned as the sum of hazard binary ﬂags multiplied by their position in the solution sequence,
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thereby rewarding the removal of hazardous parts
early in the part removal sequence. This measure is
represented as

n
X
1; hazardous;
H¼
ðk  hPSk Þ hPSk ¼
0; otherwise;
k¼1
ð13Þ
with the DLBP hazardous part objective represented as
Minimize Z 3 ¼

n
X

ðk  hPSk Þ.

ð14Þ

The lower bound on the hazardous part measure is
given by
H ¼

N
HP
X

ð15Þ

p.

p¼1

For example, three hazardous parts would give a
best-case value of 1 + 2 + 3 = 6. The upper
bound on the hazardous part measure is given
by
H nom ¼

n
X

ð16Þ

p;

p¼nNHPþ1

or
H nom ¼ ðn  NHPÞ  NHP.

ð17Þ

For example, three hazardous parts in a total of 20
would give an Hnom value of 18 + 19 + 20 = 57 or
equivalently, Hnom = (20 Æ 3)  3 = 60  3 = 57.
Formula (15)–(17) are combined to give
N
HP
X
p¼1

p6H 6

tion in the sequence, rewarding the removal of
high demand parts early in the part removal
sequence. This measure is represented as
D¼

n
X

ðk  d PSk Þ

n
X

p ¼ ðn  NHPÞ  NHP.

p¼nNHPþ1

ð18Þ
Also, a demand measure was developed to
quantify each solution sequences performance,
with a lower calculated value again being more
desirable. This measure is based on positive integer
values that indicate the quantity required of this
part after it is removed—or zero if not desired—
and its position in the sequence. Any given solution sequence demand measure is deﬁned as the
sum of the demand value multiplied by their posi-

d PSk 2 N; 8PSk ;

ð19Þ

k¼1

with the DLBP part demand objective represented
as
Minimize Z 4 ¼

k¼1

7

n
X
ðk  d PSk Þ.

ð20Þ

k¼1

The lower bound on the demand measure (D*) is
given by Formula (19) where
d PS1 P d PS2 P    P d PSn .

ð21Þ

For example, three parts with demands of 4, 5 and
6 respectively would give a best-case value of
(1 Æ 6) + (2 Æ 5) + (3 Æ 4) = 28. The upper bound
on the demand measure (Dnom) is given by Formula (19) where
d PS1 6 d PS2 6    6 d PSn .

ð22Þ

For example, three parts with demands of 4, 5 and
6 respectively would give a worst-case value of
(1 Æ 4) + (2 Æ 5) + (3 Æ 6) = 32.
Finally, a direction measure was developed to
quantify each solution sequences performance,
with a lower calculated value indicating minimal
direction changes and a more desirable solution.
This measure is based on a count of the direction
changes. Integer values represent each possible
direction (typically r = {+x, x, +y, y, +z, z};
in this case jrj = 6). These directions are expressed
as
8
þ1; direction : þx;
>
>
>
>
>
1; direction : x;
>
>
>
>
< þ2; direction : þy;
ð23Þ
rPSk ¼
> 2; direction : y;
>
>
>
>
>
þ3; direction : þz;
>
>
>
:
3; direction : z
and are easily expanded to other or diﬀerent directions in a similar manner. The direction measure is
represented as
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X


Rk

Rk ¼

k¼1

1; rPSk 6¼ rPSkþ1 ;
0; otherwise;

ð24Þ

with the DLBP part direction objective represented as
Minimize Z 5 ¼

n1
X

Rk .

ð25Þ

k¼1

The lower bound on the direction measure is given
by
R ¼ jrj  1.

ð26Þ

For example, for a given product containing six
parts that are installed/removed in directions
rk = (y, +x, y, y, +x, +x) the resulting bestcase value would be 2  1 = 1 (e.g., one possible
R* solution containing the optimal, single-change
of product direction would be: hy, y, y, +x,
+x, +xi). In the speciﬁc case where the number
of unique direction changes is one less than the total number of parts n, the upper bound on the
direction measure is given by
Rnom ¼ jrj where jrj ¼ n  1.

ð27Þ

Otherwise, the measure varies depending on the
number of parts having a given removal direction
and the total number of removal directions. It is
bounded by
jrj 6 Rnom 6 n  1

where jrj < n  1.

ð28Þ

For example, six parts installed/removed in directions rk = (+x, +x, +x, y, +x, +x) would give an
Rnom value of 2 as given by the lower bound of
Formula (28) with, for example, a solution sequence of h+x, +x, y, +x, +x, +xi. Six parts installed/removed in directions rk = (y, +x, y,
y, +x, +x) would give an Rnom value of
6  1 = 5 as given by the upper bound of Formula
(28) with, for example, a solution sequence of
hy, +x, y, +x, y, +xi. In the special case where
each part has a unique removal direction, the measures for R* and Rnom are equal and given by
R ¼ Rnom ¼ n  1

where jrj ¼ n.

ð29Þ

Note that the above optimal and nominal balance,
hazard, demand, and direction formulae are
dependent upon favorable precedence constraints

that will allow for generation of these optimal or
nominal measures.
Problem assumptions include:
• Part removal times are deterministic, constant,
and integer (or able to be converted to integers).
• Each product undergoes complete disassembly.
• All products contain all parts with no additions,
deletions or modiﬁcations.
• Each task is assigned to exactly one workstation.
• The sum of the part removal times of all parts
assigned to a workstation must not exceed CT.
• Part precedence relationships must be enforced.
6. Generation of benchmark instances
Since DLBP is a recently deﬁned problem, no
sets of test instances are known to exist. It was necessary to develop a set of a priori instances for the
DLBP to evaluate the eﬃcacy of the exhaustive
search algorithm and the genetic algorithm. This
was accomplished by using part times consisting
exclusively of prime numbers. They were further
selected to ensure that no combinations of these
part removal times allowed for any equal summations in order to reduce the number of possible
optimal solutions. For example, part removal
times 1, 3, 5 and 7 and CT = 16 would have minimum idle time solutions of not only one 1, one 3,
one 5 and one 7 at each workstation, but various
additional combinations of these as well since
1 + 7 = 3 + 5 = 1/2CT. Subsequently, the chosen
instances were made up of parts with removal
times of 3, 5, 7 and 11 and CT = 26. As a result,
the optimal balance for all subsequent instances
would consist of a perfect balance of precedencepreserving combinations of 3, 5, 7 and 11 at each
workstation with idle times of 0. To further complicate the data (i.e., provide a large, feasible
search space) only one part was listed as hazardous
and this was one of the parts with the largest part
removal time (the last one listed in the original
data). In addition, exactly one part (the last listed,
second largest part removal time component) was
listed as being demanded. This was done so that
only the hazardous and the demand sequencing
would be demonstrated, while providing a slight
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solution sequence disadvantage to any purely
greedy methodology (since in an optimal solution,
each workstation requires two parts with part
removal times of 3 and 5 along with the larger part
removal time parts, assigning hazardous and
demanded parts to those smaller part removal time
parts may allow some methodologies to artiﬁcially
obtain the an optimal initial workstation; e.g.,
PSk = h3, 5, 11, 7i would be easily obtained in the
ﬁrst workstation by a greedy methodology if the
ﬁrst part in that solution had been listed as hazardous, the second as demanded, and the third and
forth selected on size). From each part removal
time size, the ﬁrst listed part was selected to have
a removal direction diﬀering from the other parts
having the same part removal time. This was done
to demonstrate direction selection while requiring
DLBP GA to move these ﬁrst parts of each part
removal time size encountered to the end of the
sequence (i.e., into the last workstation) in order
to obtain the optimal direction value of R* = 1
(assuming the solution technique being evaluated
is able to successfully place the hazardous and
demanded parts towards the front of the
sequence). Also, there were no precedence constraints placed on the sequence, a deletion that further challenges any methods ability to attain an
optimal solution.
The ﬁnal conﬁguration of the developed benchmark was: 19 instances with instance size evenly
distributed from n = 8 to n = 80 in steps of jPRTj
(i.e., 4). This provided numerous instances of predetermined, calculable solutions with the largest
instance 10 times larger than the smallest instance.
The size and range of the instances is considered
appropriate and signiﬁcant for this study, with
small ns tested—which decreases the NWS and
tends to exaggerate less than optimal performance—as well as large, which demonstrates time
complexity growth and eﬃcacy changes with n. To
summarize, the a priori data used in this study
consisted of 8 6 n 6 80 parts with 4 unique part
removal times giving PRT = {3, 5, 7, 11}. Only
the last part having a part removal time of 11 is
hazardous; only the last part having a part
removal time of 7 is demanded. The ﬁrst of each
part with part removal times equal to 3, 5, 7 and
11 are removed in direction +x; all others are in

9

direction x. The disassembly line is operated at
a speed that allows 26 seconds (CT = 26) for each
workstation. Known optimal results include
F* = 0, H* = 1, D* = 2, R* = 1.
In general, for any n parts consisting of this type
of data the following can be calculated:
n
NWS ¼
;
ð30Þ
jPRTj
NWSnom ¼ n;
ð31Þ
I  ¼ 0;
n  CT  ðjPRTj  1Þ
;
I nom ¼
jPRTj
F  ¼ 0;

ð32Þ
ð33Þ
ð34Þ

with Fnom given by Formula (11). Hazard measures are given by Formula (13) and values are assigned as

1; k ¼ n;
hk ¼
ð35Þ
0; otherwise;
with demand measures are given by Formula (19)
and values assigned as
(
;
1; k ¼ nðjPRTj1Þ
jPRTj
dk ¼
ð36Þ
0; otherwise.
Part removal direction measures are given by Formula (24) with values assigned as
(
n
2n
þ 1; jPRTj
þ 1; . . . ; ðjPRTj1Þn
þ 1;
1; k ¼ 1; jPRTj
jPRTj
rk ¼
0; otherwise.
ð37Þ
Since jPRTj = 4 in this paper, each part removal
time is generated by
8
3; 0 < k 6 n4 ;
>
>
>
< 5; n < k 6 n ;
4
2
ð38Þ
PRTk ¼
n
3n
>
7;
<
k
6
;
>
2
4
>
:
11; 3n4 < k 6 n.

7. Exhaustive search model description and the
algorithm
An exhaustive search algorithm was developed
to conﬁrm the exponential time growth of exhaus-
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tive search, to provide a time benchmark for the
subsequent genetic algorithm study, and to determine the optimal solutions for any data set up to
a given size (based on a reasonable search time).
The exhaustive algorithm was built around a
recursive function (Fig. 1) that generated all permutations of a sequence of n numbers with each
number representing a disassembly task and the
order of the numbers representing the disassembly
sequence. The purpose of this exhaustive algorithm is to ﬁnd every subset of the data set (every
permutation) and from all those subsets, ﬁnd the
solution set that best satisﬁes the performance
(balancing) requirements by checking against all
other permutations. The solution performance
was computed based on Formula (4) (comparison
of equal F solutions for improved H, D and R
measures is performed in a subsequent subroutine
and not shown in Fig. 1).

8. Exhaustive search algorithm numerical results
The exhaustive search algorithm and DLBP GA
were both written in C++ and run on a 1.6 GHz PM
x86-family workstation. The developed algorithms
were investigated on a variety of test cases for veriﬁcation and validation purposes. Fig. 2 provides the
plot of runtime versus instance size for the exhaustive algorithm and the genetic algorithm, demonstrating how the exhaustive search runtime rapidly
increases with instance size. With an instance size
of less than 10, the problem can be solved within
1 minute. The time to complete the exhaustive
search with n = 12 tasks took just over than 20 minutes. At this rate, just 19 tasks would require almost
10,000 years. Faster computers and programming
tricks can speed this up but the growth in exhaustive
search is exponential nonetheless. Using the a priori
instances in the range of 8 6 n 6 80, only n 6 12
sized instances were found to be quickly solved
using the recursive exhaustive search algorithm.
The algorithms time complexity was shown to
increase with instance size at about 2n!.

9. Genetic algorithm model description and the
algorithm
A genetic algorithm (a parallel neighborhood,
stochastic directed search technique) provides an
1400

1200

Exhaustive Search
n cubed (div. by 1000)

Time (in seconds)

1000

GA
800

600

400

200

0
1

2

3

4

5

6

7

8

9 10 11 12 13 14 15 16 17 18 19

Data Sets (8 < n < 80)

Fig. 1. Recursive backtracking algorithm to generate all
permutations of P numbers.

Fig. 2. Comparison of DLBP GA, O(n3) and exhaustive search
time complexities.

ARTICLE IN PRESS

S.M. McGovern, S.M. Gupta / European Journal of Operational Research xxx (2005) xxx–xxx

environment where solutions continuously crossbreed, mutate and compete with each other until
they evolve into the best solution. Due to its structure and search method, a GA is often able to ﬁnd
a global solution unlike many other heuristics that
use hill climbing to ﬁnd a best solution nearby,
resulting only in a local optima. In addition, a
GA does not need speciﬁc details about a problem
nor is the problems structure relevant; a function
can be linear, nonlinear, stochastic, combinatorial,
noisy, etc.
GA has a solution structure deﬁned as a chromosome, which is made up of genes and generated
by two parent chromosomes from the pool of solutions, each having its own measure of ﬁtness. New
solutions are generated from old using the techniques of crossover (sever parents genes and swap
severed sections) and mutation (randomly vary
genes within a chromosome). The main challenge
with any genetic algorithm implementation is
determining a chromosome representation that
remains valid after each generation.
For DLBP, the chromosome (solution) consisted
of a sequence of genes (parts). For example, if a
chromosome in the pool consisted of the n-tuple
h5, 2, 8, 1, 4, 7, 6, 3i, then part number 5 would be
removed ﬁrst, followed by 2, then 8, etc. A population, or pool, of size N was used. Only feasible disassembly sequences were considered as members
of the population or as oﬀspring. The balance (Fi)
and the number of workstations (NWSi) were computed for each chromosome (Fig. 3) using the same
method for solution performance determination as
in the exhaustive search. Since measure of balance is
the primary consideration in this paper, additional
objectives are only considered subsequently; i.e.,
solutions having equivalent measures of balance
are then compared for selection based on hazardous
part placement and calculated using Formula (13);
solutions also having equivalent hazard measures
are compared for selection based on early removal
of high demand parts, which is calculated using
Formula (19); solutions also possessing equivalent
demand measures are compared for selection based
on the number of part removal direction changes
calculated by Formula (24).
The GA for DLBP was constructed as follows.
An initial, feasible population was randomly gen-

11

Fig. 3. Fitness calculation algorithm to determine total number
of workstations and overall ﬁtness.

erated and the ﬁtness of each chromosome in this
generation was calculated. An even integer of
Rx Æ N parents was randomly selected for crossover to produce Rx Æ N oﬀspring (oﬀspring make
up (Rx Æ N Æ 100) percent of each generations population). An elegant crossover, the precedence preservative crossover (PPX) developed by Bierwirth
et al. (1996), was used to create the oﬀspring. As
shown in Fig. 4, PPX ﬁrst creates a mask (one
for each child, every generation). The mask consists of random 1s and 2s indicating which parent
part information should be taken from. If, for
example, the mask for child 1 reads 221211, the
ﬁrst two parts (i.e., from left to right) in parent 2
would make up the ﬁrst two genes of child 1
(and these parts would be stricken from the parts
available to take from both parent 1 and 2); the
ﬁrst available (i.e., not stricken) part in parent 1
would make up gene three of child 1; the next
available part in parent 2 would make up gene
four of child 1; the last two parts in parent 1 would
make up genes ﬁve and six of child 1. This technique is repeated using a new mask for child 2.
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Fig. 4. PPX example.

After crossover, mutation is randomly conducted.
Mutation was occasionally (based on the Rm
value) performed by randomly selecting a single
child then exchanging two of its disassembly tasks
while ensuring precedence is preserved. The Rx Æ N
least ﬁt parents are removed by sorting the entire
parent population from worst-to-best based on ﬁtness. Since the GA saves the best parents from
generation to generation and it is possible for
duplicates of a solution to be formed using PPX,
the solution set could contain multiple copies of

the same answer resulting in the algorithm potentially becoming trapped in a local optima. This
becomes more likely in a GA with solution constraints (such as precedence requirements) and
small populations, both of which are seen in the
study in this paper. To avoid this, DLBP GA
was modiﬁed to treat duplicate solutions as if they
had the worst ﬁtness performance (highest numerical value), relegating them to replacement in the
next generation. With this new ordering, the best
unique (1  Rx) Æ N parents were kept along with
all of the Rx Æ N oﬀspring to make up the next generation then the process was repeated. To again
avoid becoming trapped in local optima, DLBP
GA, as with many combinatorial optimization
techniques, was run not until a desired level of performance was reached but rather for as long as
deemed acceptable by the user. Since DLBP GA
always keeps the best solutions from generation
to generation, there is no risk of solution drift or
bias and the possibility of mutation allows for a
diverse range of possible solution space visits over
time.
DLBP GA was modiﬁed from a general GA in
several ways. Instead of the worst portion of the
population being selected for crossover, in the
DLBP GA all of the population was (randomly)
considered for crossover. This better enables the
selection of nearby solutions (i.e., solutions similar
to the best solutions to date) common in many
scheduling problems. Also, mutation was performed only on the children, not the worst parents.
This was done to address the small population
used in DLBP GA and to counter PPXs tendency
to duplicate parents. A small population was used
(20 versus the more typical 10,000 to 100,000) to
minimize data storage requirements and simplify
analysis (except for the case study where the generations were varied) while a large number of generations were used (10,000 versus the more typical
10–1000) to compensate for this small population
while not being so large as to take an excessive
amount of processing time. This was also done
to avoid solving all cases to optimality since it
was desirable to determine the point at which the
DLBP GA performance begins to break down
and how that breakdown manifests itself. Lower
than the recommended 90% (Koza, 1992), a 60%
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crossover was selected based on test and analysis.
Sixty percent crossover provided better solutions
and did so with one-third less processing time. Previous assembly line balancing literature indicating
best results typically being found with crossover
rates of from 0.5 to 0.7 also substantiated the
selection of this lower crossover rate. A mutation
was performed about one percent of the time.
Although some texts recommend 0.01% mutation
while applications in journal papers have used as
much as 100% mutation, it was found that 1.0%
gave excellent algorithm performance in our disassembly line balancing problem. Finally, duplicate
children are sorted to make their deletion from
the population likely since there is a tendency for
the creation of duplicate solutions (due to PPX)
and due to the small population saved from generation to generation.

10. Genetic algorithm case study numerical
results
The developed GA was investigated on a variety of test cases to conﬁrm its performance and
to optimize parameters. An example from the literature was then selected as an application to an
actual disassembly line balancing problem instance
(Gungor and Gupta, 2002). This practical and relevant example from the literature consists of the
data for the disassembly of a personal computer
(PC) as shown in Table 1. It consists of 8 subassemblies (the number of genes is therefore 8) with
part removal times of PRTk = (14, 10, 12, 18, 23,
16, 20, 36). The disassembly line operates at a
speed that allows 40 seconds (CT = 40) for each
Table 1
Knowledge base of the personal computer example
Task

Part removal description

Time

1
2
3
4
5
6
7
8

PC top cover
Floppy drive
Hard drive
Back plane
PCI cards
RAM modules (2)
Power supply
Motherboard

14
10
12
18
23
16
20
36

13

workstation. Since one purpose of this exercise
was to provide analysis of DLBP GA performance
with changes in generation size, the data was run
varying the generations and without the use of
hazard, demand or direction data to avoid potential complications. Also, due to GAs stochastic
nature, this and all subsequent data were run a
minimum of ﬁve times with the results averaged
to avoid reporting unusually favorable or unusually poor results.
The GA converged to moderately good solutions very quickly. It was able to ﬁnd at least
one of the four solutions optimal in F (Table 2)
after no more that 10 generations. 100 generations
consistently provided three to four of the F-optimal solutions, while 1000 generations almost
always resulted in the generation of all four optimal solutions. Similarly, the speed for the C++
implemented program searching 1000 generations
of 20 chromosomes each was just over one second
on the previously described workstation.
The balancing aspect of the algorithm worked
extremely well with four equivalent (and, in fact,
optimal) solutions being found. All four best solutions consisted of a total of four workstations with
2–4 seconds per workstation of idle time. Therefore, the obtained solutions were optimal in number of workstations and also provided idle times at
each workstation of at least 5% but not more than
10% of the total disassembly time allocated to each
workstation of 40 seconds. DLBP GA consistently
and rapidly found all of the optimally balanced
solutions in what approaches an exponentially
large search space (potentially as large as 8! or
40,320).

11. Genetic algorithm benchmark data sets
numerical results
The developed GA was then used on the a priori benchmark test cases to further measure its
performance and determine its limitations. Using
the previously described population size and mutation rates and run for 10,000 generations using
crossover rates of between 60% and 90% (with
60% reported here due to its more favorable time
performance and eﬃcacy), the DLBP GAs time
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Table 2
The four disassembly sequence solutions optimal in F
Workstation
1
(a)
Part removal sequence

1
5
3
6
2
8
7
4

Total time
Idle time
(b)
Part removal sequence

Total time
Idle time
(c)
Part removal sequence

Total time
Idle time
(d)
Part removal sequence

Total time
Idle time

2

3

4

14
23

Time to remove part (in seconds)
12
16
10
36
20
18

37
3

1
5
3
2
6
8
7
4

14
23

37
3

38
2

1
5
2
6
3
8
7
4

14
23

37
3

38
2

1
5
2
3
6
8
7
4

14
23

37
3

38
2

38
2

36
4

38
2

Time to remove part (in seconds)
12
10
16
36
20
18
36
4

38
2

Time to remove part (in seconds)
10
16
12
36
20
18
36
4

38
2

Time to remove part (in seconds)
10
12
16
36
20
18
36
4

38
2
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Fig. 6. Comparison of DLBP GA balance performance to bestcase (at zero) and worst-case.
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complexity increased with instance size at about
0.1n, see Fig. 5. Formally, we then list the time complexity of DLBP GA as O(n). Although larger
instances can be expected to take longer to solve
with DLBP GA, it is a rather shallow, linear
increase with signiﬁcantly slower growth than the
exhaustive search algorithm. The population size
and number of generations was intentionally
selected to allow for performance decreases; eﬃcacy
was shown to slowly drop oﬀ with instance size. An
instance size of n = 16 was seen to be the point at
which the optimally balanced solution was not consistently found for the selected N and number of
generations. Although DLBP GAs performance
decreased with instance size, it can be seen in
Fig. 6 that the solution found, while not optimal,
was consistently within a few percent of optimal.
Fig. 7 allows a detailed study of the decrease in performance with increased instance size, demonstrating optimal performance until n = 12 with a rapid
decrease in performance through n = 16, followed
by minor performance improvements until n = 60
with a similar steep decrease in performance
through n = 72, followed by another period of
minor performance improvements. Also, the number of workstations required by DLBP GA typically
stayed within 4% of the optimal (minimum) number
of workstations required and was never seen to be
worse than 7% (Fig. 8). DLBP GA maintained the
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7 8 9 10 11 12 13 14 15 16 17 18 19
Data Sets (8 < n < 80)

Fig. 7. Detailed GA balance performance.
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Fig. 5. Detailed time complexity of DLBP GA.

measure of balance within 2% of optimum throughout. Since hazardous part removal (Fig. 9), early
removal of high-demand parts (Fig. 10) and minimizing part removal directions (Fig. 11) were all
subordinate to balance and to the precedence constraints (and to each other respectively), the performance of each of these was seen to degrade at rates
proportionate to their priority; hazardous and highdemand part removal measures stayed within 37%
and 45% of optimum respectively while the part
removal direction measure varied from 15% of optimum to worst-case.
Although the preceding balance results are suboptimal, this is more a reﬂection of the especially
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Fig. 8. DLBP GA workstation determination performance.
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Fig. 10. Comparison of DLBP GA demand performance to
best-case and worst-case.
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Fig. 9. Comparison of DLBP GA hazard performance to bestcase and worst-case.
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1
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1

designed a priori data set than any search techniques. Sub-optimal solutions are not an atypical
result when this data set is evaluated. The data
has been designed to pose challenges—even at relatively small n values—to a variety of combinatoric solution-generating techniques.
Note that the inclusion of precedence constraints will increasingly move DLBP GA towards
the optimal solution. F, H, D and R performance
can also be improved through the use of a larger
population and more generations, while time complexity improvements can be gained with smaller
generations and smaller populations, though each
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Data Sets (8 < n < 80)

Fig. 11. Comparison of DLBP GA part removal direction
performance to best-case and worst-case.

of these improvements requires a tradeoﬀ in the
other.

12. Conclusions
Although a near-optimum combinatorial optimization technique, the DLBP version of the GA
metaheuristic quickly found optimally balanced
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solutions, or solutions within single digit percentages of optimal, in a variety of exponentially large
search spaces, with the level of optimality increasing
with the number of constraints. It was able to generate a feasible sequence with an optimal or nearoptimal measure of balance while maintaining or
improving the hazardous materials, part demand
and part removal direction measures. The proposed
balancing method worked remarkably well
throughout, while the developed a priori data set
instances provided a valuable tool for evaluating
the DLBP, providing data with a calculable solution in the intractably large search space. DLBP
GA appears to be well suited to the multi-criteria
decision making problem format. Also, DLBP
GA can easily be structured for multi-processing
on a network of computers for order-of-magnitude
increases in processing speed. In addition, the GA is
ideally suited to integer problems, a requirement of
many disassembly problems, which generally do
not lend themselves to rapid or easy solution by traditional optimum solution generating mathematical programming techniques.
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